Abstract-In this work, a systematic strategy to design passive damping systems for structural vibration control is presented. The proposed design methodology is based on the equivalence between decentralized static velocity-feedback controllers and passive damping systems. By using recent developments in static output-feedback control, the design of passivedamping systems can be formulated as a single optimization problem with Linear Matrix Inequality constraints. Moreover, this optimization problem can be efficiently solved with standard numerical tools, even for large dimension systems. Due to its computational effectiveness, the proposed methodology can be applied to the design of passive damping systems for large structures. To illustrate the main ideas and methods, a passive damping system is designed for the seismic protection of a five-story building with excellent results.
I. INTRODUCTION
Passive energy dissipation devices, such as viscous fluid dampers, viscoelastic dampers, friction dampers, etc., are simple, compact, and reliable. Effective and relatively inexpensive energy dissipation systems (EDSs) for vibration control of large structures can be designed by implementing a set of passive dampers at suitable locations of the structure [1] - [3] . Determining the damping capacity of the different dampers is a challenging problem associated to the design of passive EDSs. In traditional approaches to this problem, the dampers are assumed to be identical and trial-and-error procedures are used to determine the damping capacities.
When the damping force can be considered proportional to the velocity (as it happens for viscous fluid dampers, for example), the action of a fully decentralized static velocityfeedback control system is equivalent to the actuation of a passive damping system. This fact makes possible to take advantage of the powerful design tools of feedback control to compute the damping capacities [4] - [6] . The main difficulties associated to this new approach are mainly related to the computational cost of designing decentralized static output-feedback controllers, which has traditionally been based on iterative procedures.
Recently, an effective strategy to compute structured output-feedback control gain matrices by solving a single [7] . The objective of the present paper is to apply these recent advances in output-feedback control to the design of passive EDSs for structural vibration control of large structures. For clarity and brevity, the main ideas are presented through the design of a passive EDS for the seismic protection of a five-story building.
The rest of the paper is organized as follows. Section II is devoted to discuss the equivalence between passive linear damping systems and fully decentralized static velocityfeedback controllers. In Section III, the new methodology to compute decentralized static output-feedback H ∞ controllers is summarized. In Section IV, a passive damping system and a state-feedback H ∞ controller are designed for the seismic protection of a five-story building. The statefeedback controller is taken as a reference in the performance assessment. Numerical simulations of the free and controlled vibrational responses of the five-story building together with the corresponding control actions are presented and compared in Section V. The full-scale North-South 1940 El Centro seismic record is used as ground acceleration in these numerical simulations. Finally, in Section VI, some future research directions are briefly discussed.
II. PASSIVE DAMPING SYSTEMS AND DECENTRALIZED STATIC VELOCITY-FEEDBACK CONTROLLERS
Let us consider the five-story building schematically depicted in Figure 1 . The building motion can be described by the second-order differential equation
where
is the vector of displacements relative to the ground, with q i (t), 1 ≤ i ≤ 5, denoting the lateral displacement of the ith story s i with respect to the ground level s 0 . M , C, and K are, respectively, the mass, damping, and stiffness matrices, which have the following structure:
Between the consecutive stories s i−1 and s i , we assume that an actuation device a i has been implemented, which exerts a control action u i (t) as indicated in Figure 2 . The vector of control actions is
The control location matrix is
w(t)∈R denotes the seismic ground acceleration, and
is the excitation location matrix. Now, we consider the vector of interstory velocities
and assume that we are able to compute a fully decentralized static velocity-feedback controller
with diagonal control gain matrix
If the elements g ii are all negative, we can writê 
takes the following form:
wherê
In this case, the system motion can be described by the second-order model
and the control forces can be implemented by taking the actuation devices a i as linear passive dampers with damping constantsĉ i .
III. DESIGN OF STATIC OUTPUT-FEEDBACK H ∞

CONTROLLERS
Obviously, to apply the approach discussed in the previous section, an effective methodology to compute decentralized velocity-feedback controllers is required. In this context, the new design strategy for static output-feedback control proposed in [7] can be an excellent tool. In this section, we summarize the main elements of this design strategy for H ∞ controllers; a more detailed discussion can be found in [7] and [8] .
Let us consider the system S :
where x(t)∈R n is the state, u(t)∈R m is the control input, w(t)∈R r is the disturbance input, y(t)∈R p is the observed output, and z(t)∈R nz is the controlled output. A, B, E, 
where G is a constant control gain matrix. From (17) and (18), we obtain the following closed-loop system:
The H ∞ control approach considers the largest energy gain from disturbance to controlled output
where w(t), and z(t) denote, respectively, the disturbance input and controlled output in (17) , and · 2 is the usual continuous 2-norm
The control design objective is to obtain a gain matrixG which simultaneously produces a stable closed-loop matrix AG and an optimally small value γG. Using the closed-loop transfer function from the disturbance w(t) to the controlled output z(t)
the value γG can be expressed as the
whereσ[·] denotes the maximum singular value. According to the Bounded Real Lemma [9] , for a prescribed γ > 0, the following two statements are equivalent:
2) There exists a symmetric positive-definite matrix X∈R n×n such that the matrix inequality
holds, where * denotes the transpose elements in the symmetric positions.
From (20) and (25), we obtain the nonlinear matrix inequality (MI-A) displayed in Figure 3 , which can be converted into the following LMI:
by introducing the new variables
The continuous-time output-feedback H ∞ control design problem can now be formulated as the following optimization problem:
maximize η subject to X > 0, η > 0 and the LMI in (26),
where the matrices X and Y are the optimization variables.
If an optimal value η opt is attained for the matricesX,Ỹ , and a control matrixG satisfying
can be determined, then the corresponding static outputfeedback controller
defines a stable closed-loop matrixĀG with an associated
It should be noted that equation (29) provides an implicit definition of the gain matrixG and, in general, this equation can not be properly solved to obtainG. Using the transformations of the LMI variables proposed in [7] , a simple and explicit formulation for the gain matrixG can be obtained. Moreover, decentralized static output-feedback controllers can also be designed by imposing an appropriate zero-nonzero structure on the new LMI variables. Next, we summarize the main ideas of this design strategy. Given a full row-rank output matrix C y with dimensions p × n, p ≤ n, we consider an n × (n − p) matrix Q, whose columns are a basis of Ker(C y ); and the Moore-Penrose pseudo-inverse of C y , which is given by
From matrices Q and R, we define the following transformations:
where X Q , X R are symmetric positive-definite matrices with respective dimensions (n − p) × (n − p), p × p; and Y R is an m × p matrix. Using the transformations (33), the LMI (26) takes the form (LMI-B) displayed in Figure 3 . If the following optimization problem:
maximize η subject to X Q > 0, X R > 0, η > 0, and (LMI-B), (34) is solvable with an optimum valueη opt attained by the matricesX Q ,X R , andỸ R , then the control matrix
defines a static output-feedback controller
with stable closed-loop matrixĀG, and H ∞ -norm
IV. DESIGN OF THE PASSIVE DAMPING SYSTEM
In this section, the ideas presented in Section II and Section III are applied to the design of a passive damping system for the seismic protection of a five-story building. In Subsection IV-A, a first-order state-space model of the building is provided. In Subsection IV-B, a static statefeedback H ∞ controller is designed, which will be taken as a reference in the performance assessment of the proposed passive damping system. Finally, in Subsection IV-C, a decentralized static velocity-feedback H ∞ controller is designed to compute the damping capacities for the passive damping system.
A. State-space building model
Let us consider the second-order model (1) with the matrices T u and T w given in (7) and (8), respectively, and the following mass, damping, and stiffness matrices: (40) are similar to those corresponding to the Kajima-Sizuoka building presented in [10] ; the damping matrix C has been computed as a Rayleigh damping matrix with a 2% damping ratio on the first and fifth modes [11] . By taking the state vector
we can derive a first-order state-space model
with state matrix
and the following control input and disturbance input matrices:
where [0] n×m represents a zero-matrix of the indicated dimensions, I n is the identity matrix of order n, and [1] n×1 is a vector of dimension n with all its entries equal to 1. Next, we consider the vector of interstory drifts
and the vector of interstory velocities v r (t) given in (9) to define the new state vector
which can be expressed as x(t) = Cx I (t) with 
(47) The new state-space model is
with A = CA I C −1 , B = CB I , and E = CE I . The particular values of the matrices A, B and E are presented in Figure 4 .
B. State-feedback H ∞ controller design
In this subsection, we assume that the actuation devices a i displayed in Figure 2 are ideal force actuators and we design a state-feedback H ∞ controller
to drive the actuation system. By setting the output matrix C y = I 10 in (17), the control design methodology discussed in Section III can be applied to compute the control gain matrix G s . In this case, solving the convex optimization problem (28) leads to the equatioñ 
For the controlled-output matrices
the optimization problem (28) produces the control gain matrix G s displayed in Figure 5 with H ∞ -norm
C. Design of the passive damping system Now, let us suppose that the actuation devices a i in Figure 2 are linear passive dampers with adjustable damping constantsĉ i . According to the discussion in Section II, this passive damping system can be suitably tuned by designing a decentralized velocity-feedback controller u(t) = G d y(t) with y(t) =v r (t), and taking the damping
To this end, we consider the model (17) with the output matrix C y = [0] 5×5 I 5 , together with the matrices C z and D z given in (52). Next, we solve the optimization problem (34) constraining the LMI matrices X R and Y R to diagonal form in order to compute a diagonal gain matrix G d . It should be noted that a first attempt at solving the LMI optimization problem with the Matlab Robust Control Toolbox [12] fails, and the problem is reported to be infeasible. However, as pointed out in [7] , this difficulty can be conveniently circumvented by adding a small perturbation to the system matrix. Using the perturbed state matrixÂ = A+∆A with ∆A = −0.01×I 10 , the following decentralized velocity-feedback control matrix results: 
V. NUMERICAL SIMULATIONS
In this section, the full-scale North-South 1940 El Centro seismic record (see Figure 6 ) is used as ground acceleration input to carry out numerical simulations of the free and controlled responses of the five-story building. In Figure 7 , the upper graphic shows the maximum absolute interstory drifts obtained for three different configurations: (i) uncontrolled building (black squares), (ii) controlled building with ideal force actuation devices driven by the centralized state-feedback controller defined by the gain matrix G s (blue circles), and (iii) controlled building with the passive damping system defined by the damping constants given in (55) (red asterisks). These configurations are denoted in the legend as Free, State-feedback and Passive, respectively. The corresponding maximum absolute actuation forces are displayed in the lower graphic using the same symbols and colors. Together with the typical good behavior of the state-feedback H ∞ controllers, the graphics show that the passive damping system achieves practically the same maximum absolute interstory drifts as the state-feedback controller, requiring also similar levels of control effort. The behavior exhibited by the passive damping system is certainly remarkable, especially if we take into account that it can operate without sensors, with null power requirements, and no communication system.
VI. FINAL REMARKS AND FUTURE DIRECTIONS
The particular example of passive-damping design presented in this paper has been carried out following an H ∞ approach. However, it has to be noted that the proposed methodology can also produce positive results for other control strategies that can be formulated in terms of optimization problems with LMI constraints. It should also be highlighted that the new approach can be of interest in a wide variety of research fields where the mitigation of undesirable vibrational responses is a major concern. Examples of practical interest can be found, for instance, in seismic protection of multibuilding systems [13] - [15] , automotive industry [16] - [18] , or offshore wind power generation [19] , [20] . Consequently, further research effort needs to be aimed at exploring additional applications of the proposed methodology.
